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In 1966, Tutte presented a problem about matroids which contained as special 
cases the four-colour problem and two graph-theoretic extensions of it, and he gave 
a conjecture as to the general solution. In this paper we reduce the matroid problem 
to one of the graph4heoretic special cases (the so-called 4-flow problem), and we 
show that his general conjecture is correct if it is true in this special case. 
1. INTRODUCTION 
In this paper we are concerned with the four-colour conjecture and some 
of its strengthenings. The 4CC itself has now been proved [1, 2], but for our 
purposes we shall not need to assume it. Our main object is to prove the 
equivalence of two other conjectures, both strengthenings of the 4CC, and 
neither known to be equivalent to it at present. One is a conjecture about 
graphs, and the other is an apparently much more general conjecture about 
matroids. No knowledge of matroid theory is presupposed for this paper. 
The 4CC may be expressed as follows. 
(1.1) I f  G is a loopless planar graph, then G is 4-colourable. 
Hadwiger [7] proposed the following elegant extension. 
(1.2) I f  G is loopless and has no subgraph contractible to K 5 , then G is 
4-colourable. 
This is an extension of (1.1) because if G is planar, then it certainly has no 
subgraph contractible to K 5. 
Indeed, Hadwiger proposed a more general conjecture, concerned with k- 
colouring. 
(1.3) (Conjecture). If G is loopless and has no subgraph contractible to 
Kk+ 1 (where k is a positive integer), then G is k-colourable. 
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For k = 4 this is (1.2). It is easy to check that (1.3) is true for k = 1, 2 and it 
was proved for k = 3 by Dirac [4]. Wagner [15] proved that (1.3) for k = 4 
is equivalent o the 4CC. To do so,he showed that every graph with no 
subgraph contractible to K 5 could be built up by piecing together planar 
graphs, and copies of one other graph which we call I18, in a certain simple 
way, and that if all the pieces were 4-colourable then the whole would be. 
(We shall return to this theorem in Section 4.) For values of k >~ 5, little is 
known about the truth of (1.3), and these higher reaches of the conjecture 
will not concern us. Conjecture (1.3) is usually called "Hadwiger's 
conjecture," but for convenience we shall use this name to refer to (1.2). 
Haj6s made a plausible-looking (unpublished) extension of (1.3): 
(1.4) (Conjecture). I f  G is loopless and has no subgraph which is a 
subdivision of Kk + ~ , then G is k-colourable. 
[Ga is a subdivision of G2 if G 1 can  be obtained from G 2 by (repeatedly) 
replacing an edge by two edges in series and a vertex of valency 2.] 
This obviously extends (1.3), but unfortunately it extends it too much. 
Conjecture (1.4) is true for k = 1, 2, 3, but for k = 4 it is unsettled (even 
assuming the 4CC), and for k/> 7 it has recently been shown to be false [3]. 
For the purposes of this paper, we need to translate 4-colouring into a 
statement about coboundaries. When X~_ V(G), ~(X) denotes the set of 
edges with one end in X and the other in V(G) - -X.  (Thus c~(X) contains no 
loops.) Any subset of the edge-set of the form c~(X) for some X~ V(G) is 
called a coboundary. We have the following. 
(1.5) G is 4-eolourable if and only if there are two coboundaries D1, D2 
so that D1 U D E = E(G). 
To see this, let DI = tg(X~), D E = t~(X2) , where X 1 __ V(G) contains the 
vertices to be coloured colours 1 or 2, and X 2 contains those to be coloured 
1 or3. 
Thus Hadwiger's conjecture becomes 
(1.6) I f  G is loopless and has no subgraph contractible to K 5 , then E(G) 
is expressible as the union of two eoboundaries. 
2. k-FLows 
Conjecture (1.6) then is an extension of the 4CC which has now been 
proved. The first unsettled extension of the 4CC which concerns us is about 
4-flows. 
A circulation q~ in a directed graph is a flow such that the flow into each 
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vertex equals the flow out--that is, it is an assignment of a real number 
to each edge e, so that for each vertex v, 
E (r e E D,) = Z (r e E D2), 
where D 1 and D 2 are the sets of edges incident with v, directed respectively 
towards and away from it. (We ignore loops.) When k > 0 is an integer, a k- 
flow is a circulation ~i such that for every edge e, r 4: 0, and is an integer, 
and I~(e)l < k. (This is often called a nowhere-zero k-flow.) 
The problem of "which graphs have k-flows, for which k?" is similar in 
some respects to the k-colouring problem. First of all, we observe that it is 
really a problem about undirected graphs because if G has a k-flow for some 
orientation of its edges, then it has a k-flow for every orientation. Secondly, 
like k-colouring, if G has a k-flow, then it has a k'-flow for all k' i> k. And, 
like loops when k-colouring, if G has an isthmus (that is, an edge e so that 
{e} is a coboundary), it has no k-flow for any k. 
For k small, the solutions to the k-colouring and k-flow problems are 
similar. Thus, no graph with an edge has a 1-colouring or a 1-flow; and only 
Eulerian graphs (that is, graphs in which each vertex has even valency) have 
2-flows (like bipartite graphs for 2-colouring). The graphs which have 3- 
flows have not been characterized (again, like 3-colouring). 
However, for k large, the problems behave differently. There are, of 
course, graphs with arbitrarily large chromatic number, such as complete 
graphs, but a theorem of Jaeger [8] asserts that every graph with no isthmus 
has an 8-flow, and the author [10] has recently proved the same thing for 6- 
flows. Indeed, Tutte [12] conjectured that every graph with no isthmus has a 
5-flow. 
In spite of this difference, these are dual problems in a sense which can be 
made precise via the theory of regular matroids (although we shall not do 
so). This claim is supported by the following result, due to Tutte [12]. 
(2.1) Let G be a planar graph, drawn in the plane. Then G has a k flow 
if and only if the faces of the drawing can be properly k-eoloured. 
In particular, therefore, the problem of "which graphs have 4-flows?" is of 
interest because of its connection, via (2.1), with the 4CC. 
A cycle in a graph G is a subset C c E(G) so that the graph (V(G), C) is 
Eulerian. Equivalently, a cycle is a set of edges which can be partitioned into 
circuits. It is easy to check that when G is planar, the coboundaries of G 
correspond to the cycles of any geometric dual; and so from (1.5) and (2.1), 
we see that a planar graph G has a 4-flow if and only if E(G) is expressible 
as the union of two cycles. As one might expect, the "planar" hypothesis 
here is redundant. 
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(2.2) A graph G has a 4-flow if and only if E(G) is the union of two 
cycles. 
Proof. Suppose that E(G)= C~ U C z, where C~, C2 are cycles. For 
i = 1, 2, (V(G), Ct) is Eulerian, and so has a 2-flow r Regard the r as 
flows in G, and put r = Cx + 242. Then r is a 4-flow for G as required. 
Conversely, suppose that r is a 4-flow for G. Put 
C1 = {e: r is odd}. 
Then certainly C~ is a cycle because the flow of r into any vertex equal~ the 
flow out. Let ~ be a 2-flow in (V(G), C~). Then r + r is a circulation in G, 
taking values 0, +2, :t:4 only. Moreover, if ~(e)+ r 0 or +4, then 
r 0 (because 1 ~<lr ~< 3) and so e E C I. Put 
C2 = {e: r + r = +2}. 
Then, counting modulo 4, we see that C2 is a cycle, and C 1 ~ C 2 : E(G), as 
required. 
Not every graph with no isthmus has a 4-flow. A counterexample (the 
smallest) is the Petersen graph, which we call P~0. Indeed, for cubic graphs, 
possession of a 4-flow is equivalent to a more venerable property. 
(2.3) Let G be a cubic graph. Then G has a 4-flow if and only if G is 3- 
edge-colourable. 
To see this, let C~ contain those edges to be coloured 1 or 2, and let C2 
contain those coloured 1 or 3; then the result follows from (2.2). 
Tutte [12, 14] proposed a conjecture about 4-flows, parallel to Hadwiger's 
conjecture for 4-colouring. 
(2.4) (Conjecture). I f  G has no isthmus and no subgraph contractible to 
Plo, then G has a 4-flow. 
Using (2.2), this may be reformulated as follows. 
(2.5) (Conjecture). I f  G has no isthmus and no subgraph contractible to 
P~o, then E(G) is the union of two cycles. 
It should be stressed that although Hadwiger's conjecture has been shown 
to be equivalent to the 4CC (and therefore proved), (2.4) above has not 
been, although of course it does imply the 4CC. In Section 7 we examine the 
gap between the 4CC and (2.4), and describe what may be a way to 
bridge it. 
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3. CHAIN-GROUPS 
If C 1 and C z are cycles, then C 1 A C 2 is a cycle. (When X, Y are sets, 
XA  Y denotes (X -Y )k J  (Y -X) . )  Moreover, if D 1 and D 2 are coboun- 
daries, then D I /XD 2 is a coboundary. (To see this, observe that c~(XOA 
~(Xz)=O(XlZXX2).) This suggests a common generalization of the 4- 
colouring and 4-flow problems. 
Let H be a non-empty collection of subsets of a set S. Suppose that A~ A 
A 2 E H whenever A1,A 2 E H. Then we say that H = (S, H) is a chain-group 
on S. (It should, more precisely, be called a binary chain-group, but we omit 
this for brevity.) We define E(H) = S. The members of H are called chains. 
When G is a graph, i t ' (G)  denotes the chain-group on E(G) which has 
chains the cycles of G; this is called the cycle chain-group of G. The 
coboundary chain-group ~r is defined similarly. A chain-group is 
graphic (respectively, cographic) if it is isomorphic:to the cycle (respectively, 
coboundary) chain-group of some graph. 
We say that H is eolourable if E(H) is expressible as the union of two 
chains. Then we see that the problem "which chain-gr0ups are colourable?" 
includes the problem of "which graphs are 4-colourable?" and so is unlikely 
to have any interesting answer. However, one can formulate a conjecture 
about chain-groups which simultaneously extends (1.6) and (2.5). To do so, 
we need to express "has a subgraph contractible to" in terms of chain- 
groups. We do that as follows. 
When H is a chain-group and x E E(H), the result H\x  of deleting x is the 
chain-group on E(H)- -{x} which has chains all chains of H not 
containing x. The result H/x of contracting x is on E (H) -  {x}, and has 
chains all sets X_  E (H) -  {x} such that either X or XU {x} is a chain of H. 
When H is the cycle chain-group of a graph, these operations correspond to 
deleting and contracting the edge x in the graph-theoretic sense; and when H 
is a coboundary chain-group, they correspond respectively to graph-theoretic 
contraction and deletion. A minor of H is a chain-group which can be 
obtained from H by a sequence of deletions and contractions. Thus if H is 
graphic (or cographic) then so are all its minors. A minor of H is proper if it 
is not equal to H. 
A coloop of H is an element of E(H) not contained in any chains of H. 
The coloops of ~ ' (G)  are thus the isthmusses of G, and the coloops of 
~*(G)  are the loops of G. In general, if H has coloops, then it is not 
colourable. Now we can reformulate (1.6) and (2.5) in this new language as 
follows. 
(3.1) I f  H is cographic and has no eoloops and no ~Z*(Ks) minor, then 
it is eolourable. 
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(3.2) (Conjecture). I f  H is graphic and has no coloops and no ~"(P~o) 
minor, then it is colourable. 
(A technicality: it is clear that if G has a subgraph contractible to Ks, then 
fg*(G)  has an ~r*(Ks) minor, but the converse is not obvious. It is in fact a 
consequence of a matroid theorem of Whitney [16].) 
Let us say that H is an achromate if H is not colourable and has no 
coloops, but no proper minor of H has both these properties. Then Jtr*(Ks) 
and Jg(P~0) are achromates (the minimality property is routine to verify), 
and we may give a further eformulation of (1.6) and (2.5), as follows. 
(3.3) ~r is the only cographic achromate. 
(3.4) (Conjecture). J'(P~o) is the only graphic achromate. 
Tutte [14] proposed the problem of determining all achromates.. There is 
at least one more, which we call F*. It is on a seven-element set {1 ..... 7}, 
and its chains are all sets 
{1+i, 2+i,  3+i, 5+i} (0<~i~<6) 
working modulo 7, together with the empty set. (The first seven sets are the 
complements of the lines of the Fano configuration.) It is easily verified to be 
an achromate. We have not seen F* before because it is neither graphic nor 
cographic. Tutte [14] proposed the following. 
(3.5) (Conjecture). F*, ~'*(K~) and ~'(P~o) are the only achromates. 
This obviously implies (3.3) and (3,4). We shall prove that it is equivalent to 
(3.4). Indeed, the main result of this paper is the following. 
(3.6) F* and ~"*(Ks) are the only achromates which are not graphic. 
4. WAGNER'S THEOREM 
The proof of (3.6) uses some matroid theorems of ]9] and Wagner's 
characterization of graphs with no subgraph contractible to K 5. In this 
section we study the latter. 
Let G, H be graphs with disjoint vertex sets. Suppose that g~ ,..., g~ E V(G) 
are distinct and pairwise adjacent, and so are h~ ..... h k E V(H). We define a 
new graph G ~ H by removing (for 1 ~< i < j ~< k) an edge of G joining gi 
and g:, and an edge of H joining h i and h:, and by making the identifications 
gi = hi (1 ~< i ~< k). Provided that G, H are both smaller than G A H, G A H 
is called a k-sum of G and H. (G~ is smaller than G 2 if 
IV(G0[ + IE(G,)] < I v(a2)l + IE(GOI.) 
We are in fact only concerned with k-sums for 0 ~< k ~< 3. 
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It is easy to see that if both G and H have no subgraph contractible to K 5, 
then their k-sum has the same property, for any k i> 0. (On the other hand, 
taking 3-sums does not preserve planarity; one can express K3, 3 as a 3-sum 
of two planar graphs, for instance.) The graph V 8 of Fig. 1 has no subgraph 
contractible to K 5, but cannot be obtained by means of k-sums from planar 
graphs. 
However, Wagner proved that the planar graphs plus V 8 generate them 
all [15]. (See also Young [17].) 
(4.1) Every graph with no subgraph contractible to K 5 may be obtained 
by means of 0-, 1-, 2- and 3-sums, starting from planar graphs and copies 
of Vs. 
(The condition that the parts of a k-sum be smaller than the whole does not 
occur in these papers [15, 17], but the proofs are adequate to prove this 
stronger esult.) 
Because of (4.1), we see that (1.1) and (1.2) are equivalent. For V s is 4- 
colourable (indeed, it is 3-colourable), and so, by (1.1), are loopless planar 
graphs; and it is easy to see that taking k-sums (for any k) preserves 4- 
colourability. However, we should like to derive a slightly stronger 
statement. 
(4.2) I f  G is a graph and ~*(G)  is an achromate, then either G _~ K 5 or 
G is planar. 
(Of course, the 4CC asserts that G cannot be planar.) 
Proof. J f '*(G) is an achromate; thus G is not 4-colourable, but every 
FIG. 1. The graph Vs. 
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loopless graph G'4~ G obtained from G by deleting and contracting edges 
(and removing isolated vertices) is 4-colourable. We suppose that G 4~ Ks. 
Then G has no subgraph contractible to K s because K 5 is not 4-colourable. 
Now G has no loops or parallel edges, and clearly G is 2-connected. 
Suppose that it is not 3-connected. Choose a partition (V 1, V 2, {x}, {y}) of 
V(G), with V 1 , V 2 4: O, so that no edge of G joins a vertex in VI to a vertex 
in t/2. There is a path P of G joining x to y within V~ U {x, y} because G is 
2-connected. By deleting the edges of G not in P, and by contracting all of 
the edges in P except one, we obtain a loopless graph on V2U {x, y} in 
which every pair of vertices is adjacent if it is adjacent in G, and in which, in 
addition, x, y are adjacent. This graph is not G, and so is 4-colourable; thus 
it may be 4-coloured so that x and y receive the colours 1 and 2, respec- 
tively. Applying the same argument with V~ and V 2 exchanged and 
combining the two colourings obtained, we deduce that G is 4-colourable, a 
contradiction. 
G is therefore 3-connected. Suppose that it is not 4-connected, and choose 
a partition (V1, V2, {x}, {y}, {z}) of V(G), with V1, V 2 ~ 0, so that no edge 
joins a vertex in V~ to a vertex in V 2. Choose viC V i ( i= 1, 2). If Vx = {vl}, 
then G is 4-colourable because the result of deleting v~ is 4-colourable and v~ 
has valency 3. This is a contradiction, and so ]V~] >/2, and similarly 
1 72t >~ 2. There is a circuit C~ of G included in Va L) {x, y, z} (because G is 
3-connected and I Vii >~ 2), and there are three vertex-disjoint (possibly null) 
paths joining V(C1) to x, y, z, respectively. Thus by deleting and contracting 
we can obtain a loopless graph on {x, y, z} ~ V 2 in which every pair of 
vertices is adjacent if it is adjacent in G, and in which in addition x, y, z are 
pairwise adjacent. This graph may be 4-coloured, and there is a 4-colouring 
in which x, y, z will receive colours 1, 2, 3, respectively. We apply the same 
argument with V~, I/2 exchanged and combine the two colourings to obtain a 
4-colouring of G, a contradiction. 
Thus G is 4-connected. However, it has no subgraph contractible to K 5, 
and G:/-V8 (because V8 is 4-colourable), and we may suppose, for a 
contradiction, that G is not planar. By (4.1), G is a k-sum of two smaller 
graphs H~, H 2, where k = 0, 1, 2, or 3. Now not both I V(H1)[, I V(H2)I > k 
because G is 4-connected and k < 4, and so I V(Hx)] = k say. Thus I V(H2)I = 
I V(G)]. But H 2 is smaller than G, and so IE(H2)] < ]E(G)I, that is, [E(H1) [> 
k(k -  1). This is impossible because G has no loops or parallel edges, and 
the proof is complete. 
We remark that (4.2) would be much easier to derive if in Wagner's 
decomposition we could be sure that the "parts" are isomorphic to 
contractions of subgraphs of the whole. This is true (with some care -K3, 3, 
for example, is not a 3-sum of two graphs isomorphic to contractions of 
subgraphs of K3,3) but just as awkward as (4.2) to prove, and certainly this 
approach is no easier. 
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5. k-SuMs OF CHAIN-GROUPS 
I f  we regard taking k-sums as an operation on graphic chain-groups rather 
than on graphs, one can define it in such a way that it makes sense (for 
k ~ 3) even when the chain-groups are not graphic, as follows. Let H1, H E be 
chain groups on disjoint sets S~, $2. Let Z1, Z 2 be subsets of $1, S 2, respec- 
tively, with IZll = [ZEI, and take a bijection 4:Z1 --+ Z2. Define a new chain- 
group H1 A H 2 on (S 1 -- Z~) U ($2 - Z2), which has chains all sets X~ WX 2, 
where Xi~_S i -Z  i ( i - -  1,2), such that for some Y~_Z~, XlCA Yis  a chain 
of H~ and X 2 Wr is a chain of H 2. It is easy to see that H~ A H 2 defined 
in this way is a chain-group, and that when G is the k-sum of graphs G~ and 
G2, Jc ' (G) is ~( / (G1)A J f (G2)  (choosing Z i , Z 2 to be the sets of edges in 
the two cliques involved). 
Therefore, let us single out some special cases: 
(i) when Z l, Z 2 =O,  we say that H l A H 2 is the 1-sum of H~, H2, 
(ii) when [Z i [ : l  and Z i is not a chain of H i ( i=1 ,2) ,  we say 
H~A H 2 is the 2-sum of H~, H 2. 
(iii) when [Zi[ = 3 and Z i is a chain of H i, but no z ~ Z i is such that 
{z} is a chain o fH  i ( i= 1,2), we say H1AH 2 is a 3-sum of i l l ,  H 2. 
[We have omitted the condition that the parts be "smaller" than the whole; it 
is more convenient o introduce that in another way, later.] 
Now if H is a chain-group on S, we can define a dual chain-group H* on 
S, with chains all subsets X_~ S such that IX~A[  is even for every chain A 
of H. The chains of H* are called the cochains of H. It is an easy exercise to 
see that (H*)* : H (because of vector space orthogonality, for example). 
And, as our notation suggests, when G is a graph, (~r(G))* =~r We 
shall need the following lemma. 
(5.1) I f  H, /X H2 = H, then HI* A HE* _ H*. 
The proof is obvious. In fact, equality always holds, but that is rather less 
obvious, and (5.1) is enough for us. 
(5.2) I f  H is an achromate, then H* is not expressible as a l-, 2- or 3- 
sum of two chain-groups H 1 , HE, in such a way that H1, H:  are both 
isomorphic to proper minors of H*. 
Proof. Suppose that such H1, H 2 exist, and let Z~, Z2, ~ be as in the 
definition of k-sum. Now H is an achromate and so has no coloops; H* 
therefore has no loops (that is, elements x such that {x} is a chain). It 
follows that H~, H E have no loops because taking k-sums does not destroy 
loops; and hence H*, HE* have no coloops. But HI*, HE* are isomorphic to 
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proper minors of H (for if G is a minor of H, then G* is a minor of H*), 
and so H*, H* are colourable. Choose cochains Ai, B i of H i so that 
A~UB i = E(Hi) (i = 1, 2). Put C i =AiZ~Bi ;  then C i is also a cochain of Hi, 
and every element of E(Hi) is in precisely two of A i, Bi, C i (i = 1, 2). Put 
Zi= {x~:l <~j<~r} ( i= 1,2), where ~(x~') =x~ (1 <~j<~r) and r=0,  1 or 3 
depending as k = 1, 2 or 3. 
First, if k= 1, then Z1, Z 2 =0,  and by (5.1) A~ UA 2, B~ UB2 are chains 
of H with union E(H), which is impossible. If k= 2, then Z i= {x~} 
( i= 1, 2), and we may relabet Ai, Bi, C~ so that x~ EAi ,B~ ( i= t, 2). Then 
by (5.1), Ui (A i -Z i ) ,  Ug (B i -Z i )  are chains of H with union E(H), again 
a contradiction. Finally, if k=3,  then Zi=-{x~,x2, x~} ( i= 1,2). Z, is a 
chain of H; and so Ai, Bi, Cg each have even intersection with Z/.; but A~ A 
B~ A Z i = 0, and Z~ _cA i U B;. Thus we may relabel A;, Bi, Cg so that 
AiNZ i 1 2 = {Xi,  X i }, 
B, n z ,  = Ix], I. 
q n : Ix , x]}. 
Then by (5.1), U~" (A i -Z i ) ,  Ui (B i -Z i )  are again chains of H with union 
E(H), a contradiction, which completes the proof. 
6. APPLICATION OF Two MATROID THEOREMS 
The reader familiar with matroid theory will have realized that a chain- 
group is really just a binary matroid. There are two theorems about binary 
matroids, proved in [9], which may be usefully applied to our problem. 
Expressed in chain-group language, they are the following. 
(6.1) I f  H is a chain-group with no F 7 minor, then either H~F* ,  or H 
has no F* minor, or H is expressible as a 1- or 2-sum of two chain-groups 
both isomorphic to proper minors of H. 
IF 7 denotes (F*)*, of course]. 
(6.2) I f  H is a chain-group with no F 7 or F* minor, then either H is 
graphic or cographic, or H ~R~o, or H is expressible as a 1-, 2- or 3-sum of 
two chain-groups both isomorphic to proper minors of H. 
[R~o is a particular chain-group on a 10-element set, defined in [9]. Here all 
we need to know about R10 is that R* 0 is not an achromate.] 
With the aid of these results and (5.2), we can deduce our main result 
(3.6). We restate it. 
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(6.3) F* and ~/*(Ks) are the only achromates which are not graphic. 
Proof Suppose that H is an achromate, and H~ F*, J[*(Ks). We shall 
show that H is graphic. For H has no F* minor, and so H* has no F 7 minor. 
By (6.1) applied to H* and (5.2), we see that H* has no F* minor (H + gF*  
is impossible because F 7 is not an achromate). By (6.2) and (5.2) we see that 
either H* is graphic or cographic, or H*~Rlo .  The last is impossible 
because Rl*0 is not an achromate. If H* is cographic, then H is graphic as 
required. Assume then that H* is graphic so that H is cographic, and choose 
a graph G so that H ~/* (G) .  By (4.2), G is planar, and has a geometric 
dual G*. The cycles of G* correspond to the coboundaries of G, and so 
~r ~ J?'(G*). Thus H ~? ' (G*) ,  and H is graphic as required. 
(Remark. The rather unnatural end of this proof is in order to avoid 
assuming the 4CC. With its use, we could make the proof a few lines 
shorter.) 
7. A CONJECTURE OF GR()TZSCH 
Tutte's matroid conjecture is thus equivalent to his conjecture about 4- 
flows, and in this section we describe a possible line of attack on the 4-flow 
problem, suggested by Neil Robertson. 
P10 has the property that if we delete any vertex, the remaining raph is 
still non-planar. Thus if G-v is planar for some vertex v, then G has no 
subgraph contractible to P~0. Tutte's conjecture therefore implies the 
following. 
(7.1) (Conjecture). I f  G has no isthmus and G-v is planar for some 
vertex v, then G has a 4-flow. 
It is easy to show that this conjecture is equivalent to its special case when 
all vertices except v are cubic. But a graph G of this type has a 4-flow if and 
only if G-v is 3-edge-colourable; and (7.1) is therefore quivalent to the 
following, first proposed by Gr6tzsch [6]. 
(7.2) (Conjecture). I f  G is a planar graph, with maximum valency <<.3, 
then G is 3-edge-colourable if and only if G has no subgraph in which one 
vertex has valency 2 and all others have valency 3. 
The "only if" part is certainly true. 
One hopes that this might be derivable from the 4CC, or at least that it 
could be proved using similar techniques. Incidentally, (7.2) is a special case 
of the following conjecture proposed in [ 11 ]: 
(7.3) (Conjecture). I f  G = (V,E) is a planar graph and k >1 0 is an 
integer, then G is k-edge-colourable if and only if the following conditions are 
both satisfied: 
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(i) every vertex has valency <~k, 
(ii) for every subset X c_ V of odd cardinality, the number of edges of 
G with both ends in X is at most 89 I - 1). 
However, what concerns us more here is the gap between Tutte's 
conjecture and (7.1). Robertson suggests that there may be hope of closing 
it. 
Let us say that G is a bandersnateh if ~ ' (G)  is an achromate and G has 
no isolated vertices. (The natural evolution of Martin Gardner's nark [5] 
would appear to be boojum, but Tutte [13] has already appropriated that.) 
Tutte's conjecture is that P~0 is the only bandersnatch. 
One would expect it to be easy to show that all bandersnatches are cubic, 
but in fact that has not been proved as far as I know. However, at least the 
following can be proved. 
(7.4) Every bandersnatch is 3-connected and cyclically 5-connected. 
[A graph G = (V, E) is cyclically 5-connected if for every partition (El, E2) 
of E such that both E 1 and E 2 include circuits, there are at least five vertices 
incident both with edges in E 1 and with edges in E z.] 
It follows that if (7.2) is true, then every bandersnatch G different from 
Pl0 has the following properties: 
(i) it is 3-connected and cyclically 5-connected, 
(ii) it has no subgraph contractible to the Petersen graph, 
(iii) for every vertex v, G-v is non-planar. 
Robertson suggested that these three properties may be contradictory. That 
is regrettably not so, as the graph of Fig. 2 shows, but nevertheless there is a 
chance that all graphs with these three properties can be found and checked 
not to be bandersnatches. If this could be done, Tutte's conjecture would be 
reduced to Gr6tzsch's. 
FIGU~ 2 
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